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Al~ract--A quasimolecular model is developed for the simulation ofvortex development i  prototype 
fluid flow problems. The approach is formulated mathematically s an n-body problem which ncorporates 
classical molecular type forces. Large systems ofordinary differential equations are generated an  solved 
numerically on a Cray X-MP/24. A variety of examples in E 2 are described, including the development 
of Karman type vortices, wall vortices, and paired vortices. 
1. INTRODUCTION 
The availability of vector and parallel computers has motivated the development of n-body 
molecular models in science [1] and technology [2], the motivation being, in part, that continuum 
models cannot incorporate the necessary singular potentials. Our purpose here is to apply a 
molecular type of fluid modeling [3] to the study of vortex generation in prototype fluid flow 
problems. A variety of examples, simulated numerically on a Cray X-MP/24, will be described 
which reveal the development of Karman type vortices, wall vortices, and paired vortices. 
2. QUASIMOLECULAR MODELING 
Our fundamental physical assumption is that gross fluid behavior is the result of molecular 
interaction [4]. Our foundational modeling assumption is that molecular interaction can be 
approximated by grouping molecules into larger units, called quasimolecules or particles, and then 
applying suitably adjusted molecular dynamical formulas to the resulting n-body system. Of course, 
the process of lumping molecules into particles was not unknown to both Boussinesq and Prandtl 
[5,61. 
Quasimolecular modeling, also called particle modeling, utilizes coupled, second-order systems 
of nonlinear differential equations 
Fi=mii:i, i = 1,2 . . . . .  n, (1) 
in which the F i are chosen in the following special way [7]. Any fluid consists of a large, but finite, 
number of molecules. In general, these molecules are acted upon by two types of forces: (i) long 
range forces (e.g. gravity), and (ii) short range, or local, forces (e.g. classical molecular type 
interactions). For short range forces, each molecule P is acted upon only by its immediate neighbors 
and, typically, these forces have magnitude F given by 
G H 
F=-r-7+--rq, G>~O, H~>0, q>p>7,  (2) 
where r is the distance from P to a neighboring molecule. Between molecules of a homogeneous 
fluid, G and H are constants. 
To approximate actual molecular interaction by quasimolecular interaction, we would, in 
general, allow each Fs in (1) to consist of two parts, a long range component and a local component, 
and, to compensate for the grouping of molecules into quasimolecules, we adjust the parameters 
in local force formula (2) appropriately. The system (1) would then be solved numerically from 
given initial data by any of the currently popular numerical techniques. 
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3. VORTEX STREET DEVELOPMENT WITHOUT FIXED BOUNDARIES 
The development of a vortex street, sometimes called a Karman vortex sheet, has received wide 
attention both experimentally and theoretically (see, for example, Refs [8-14] and the numerous 
additional references contained therein). In a gas, for example, these vortices are seen, at times, 
when smoke passes around a circular cylinder. 
In this section, let us consider vortex street generation in a fluid which has the characteristics 
of a gas. For this purpose [7], we setp = 1, q = 3, G = 99, H = 100 in local force formula (2), and 
since gravity is of minor importance in the considerations which follow, it will be neglected. In 
addition, no boundaries will restrict he fluid motion, so that all surfaces will be free. 
Next, let us arrange and number 998 particles, each of unit mass, in the following way. A particle 
at point (x,y~), i = 1, 2 . . . . .  998 will be denoted by P~. For i = 1, 2 , . . . ,  974, the (x~,y3 are 
determined by 
x1=-19 .0 ,  x~+l=xi+l.O; i=1 ,2  . . . . .  38 
Yl = 10.392, Yi+l =Yi, i = 1,2 . . . .  ,38 
x4o----18.5, x i+l=x~+l .0;  i=40,41 , . . . ,77  
Y4o = 9.562, Yt+l =Y40; i = 40, 41 , . . . ,  77 
xi = Xi_TS; i = 79, 80 , . . . ,  974 
Yi = Yi-78 - -  1.732; i = 79, 80 , . . . ,  974. 
The resulting particles form the triangular mosaic of points shown in Fig. 1. This set will be called 
the fluid particles. The distance between each fluid particle and any immediate neighbor is unity. 
The 24 additional particles P975- P99s are determined by 
01---0, Oi+l = 0i + 0.261799; i = 1,2 . . . .  ,23 
x~+97, = 20 + 0.2 cos 0~; i = 1, 2 . . . . .  24 
Yi+974 - - ' - -  0.2 sin Oi; i = 1, 2 . . . .  ,24, 
and are positioned uniformly on the circle whose center is (20, 0) and which has radius 0.2. These 
particles are called the solid particles because they will be removed rigidly through the fluid. 
Each solid particle is assigned the initial velocity V0 = (-0.0006, 0.0). Each fluid particle is 
assigned the initial velocity v0 = (0.0, 0.0001). Thus, all initial data are now available. 
Assuming that the local force interactions are restricted to any two particles whose distance of 
separation D is less than 1.5, the motion of the fluid particles is then determined numerically by 
the leap-frog formulas [7] with At = 0.0001. (For the interested reader, computer programs for all 
the examples in this paper are available in Greenspan [15].) At each time step t, = kAt, the solid 
particles are moved rigidly by using the velocity V = (-0.0006, 0.0). Before describing the 
computational results, however, two definitions will be required. 
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Fig. 1. Re  initial ~nfi~rafion. 
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At any time step, the resulting velocity field is relatively meaningless because the field is 
dominated by Brownian type motions [16]. A smoothing or filtering process is therefore required 
to clarify gross fluid motions, and this is implemented simply as follows. 
DeJinition 3.1 
For N a positive integer, let particle Pi be at (+, y,,J at time tk and at (x~,~_~, J+~) at time 
tk_N. Then P,‘s average velocity vi&N at time tk is defined by 
Vi,k,N = 
( 
Xi,k - Xi,k-N Yi,k - y&k-N 
NAt ’ > NAt ’ 
In the present section, let N = 5000. Other values of N will be considered later. The present 
choice is a relatively large one which will reveal sustained motions and was decided upon after 
several comparison runs. 
In the remainder of this paper, all velocity fields will be average velocity jields. 
At any time step tk, a vortex is defined as follows. 
DeJnition 3.2 
If, relative to fluid particle Pi, the six particles closest to Pi are fluid particles and are either in 
clockwise or in counterclockwise motion, then the seven particle configuration is called a vortex. 
Note that the choice of six neighbors in Definition 3.2 is consistent with the triangular mosaic 
of Fig. 1, in which each interior fluid particle is the center of a regular hexagon. Note also that 
the definition prescribes the minimum size of a vortex that we will try to observe. Vortices of all 
magnitudes exist, from the microscopic to the macroscopic, but they can be recognized only within 
the limits of accuracy of one’s observational instruments. 
We are now ready to discuss the computational results. 
Figure 2 shows the velocity field at t30,000. The two vortices shown are moving vortices. To show 
that the conditions of Definition 3.2 are valid, Fig. 3 displays the system also at tm,m, but the 
velocity field is given relative to the center particle of the upper right vortex. The figure reveals 
clockwise motion most clearly. 
Figure 4 shows the existence of three vortices at time tao,m, the upper right vortex in Fig. 2 having 
dissipated. Each of these vortices is located near a section of stream flow which has a sharp change 
in direction, as is indicated in Fig. 5. 
Note that most of the vortices yet to be discussed will be moving vortices. These are often difficult 
to locate. But, once located, each can be shown to satisfy the conditions of Definition 3.2 by an 
appropriate linear transformation of the velocity field. 
A large number of other cases were studied. All results were consistent with experimental results 
and are summarized as follows. Decreasing the speed of the solid yields a more laminar type flow 
Fig. 2. Velocity field at I,,~. 
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Fig. 5. Stream flow near vortices at t~o,ooo. 
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with fewer vortices, while increasing this speed yields irregular vortex patterns and increased 
centrifugal effects. Decreasing the interaction distance D to 1.4 also yields an increase in centrifugal 
effects. Finally, allowing the initial direction field of the fluid particles to be determined by a 
random process, but one in which no speed is greater than 0.0001, yields results entirely analogous 
to those shown in Figs 2 and ~ 4. 
4. VORTEX DEVELOPMENT IN  AN OPEN ENDED CHANNEL 
We proceed now in the same spirit as in Section 3, but incorporate boundary constraints. We 
will show that the resulting vortex patterns can be much more complex than those described in 
Section 3. In addition, for variety and to indicate the broad applicability of particle modeling, we 
will alter certain of the previous procedures, vary certain parameters, and increase the number of 
particles ignificantly. 
In the plane, consider a triangular mosaic of 5126 points arranged within and on the rectangle 
whose vertices are (-50.0, 21.65), (50.0, 21.65), (-50.0, -21.65), (50.0, -21.65). The coordinates 
of the points are given by (xi,y~), where 
X l=-50 ,  yt=21.65, x~0~=-49.5, y~0~=20.784, 
Xi+l=Xi+l.0,  yi+~=21.65; i=1 ,2  . . . . .  100 
xi+~ = x i+ 1.0, y~+~ = 20.784; i = 102, 103, . . . ,  200 
xi = x~_~0~, Yi = Yi-~0~ - 1.732; i = 202, 203 . . . . .  5126. 
Each point again represents a particle of unit mass and the particle with coordinates (x~, y~) is 
denoted by Pi. The seven particles P~s~0, P~H, P~610, P~tH, P~6~, P~7~l, P~7~ are now removed. In 
their places are inserted 24 "solid" particles, situated uniformly on the circle whose equation is 
(x -47 .5 )~+y~= 1. The total number of particles is now 5143 and the initial configuration is
shown in Fig. 6. 
Each solid particle is assigned an initial velocity V0 = (-0.0015, 0.0). Each fluid particle is 
assigned an initial velocity v0 = (0.0, 0.00025). Thus, all initial data are known. 
In this section, let us try to simulate a heavy gas or a liquid. For this purpose [3], let p = 3 and 
q = 5, with G = H = 1000 for the local force between two fluid particles and with G = H = 200 
for the local force between a fluid and a solid particle. Gravity is neglected and the distance D of 
local interaction is taken to be 1.25. 
Next, assume that the fluid flows in an open channel. To this end, the two lines whose equations 
are y = + 21.65 are taken as fixed boundaries, or walls, so that the channel is open at the left and 
fight ends. Whenever a computation reveals that a particle has crossed a boundary line, the particle 
will be reflected back symmetrically across that boundary and then assigned a zero velocity, thus 
imposing a strong frictional effect along the walls. An alternate way of stating this damping effect 
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Fig. 6. The initial configuration. 
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is to say that the rvflccted velocity has damping factor d, which, in the case just described, has the 
value zero. 
The fluid motion is generated again by moving the solid particles rigidly and uniformly to the 
left at each time step. Thus, each solid particle is assumed to have a uniform velocity V, which 
is chosen to be (-0.0015, 0.0) at each time step tk = k(0.0001). To determine the average velocity 
of each fluid particle, we assumed this time that N = 3500, thereby including vortices whose life 
spans are shorter than those considered in Section 3. 
Figure 7 and 8 show the fluid motion at t~00o, and tl~.00o. Observe first that, whereas the velocity 
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Fig. 9. Velocity field at t4o,ooo. 
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field in the first figure is outward, the flow behind the solid in the second figure is inward, indicating 
that wall reflection is significant. In addition, Fig. 8 reveals quite dearly, just below the solid, a 
Karman type vortex in development. 
Figure 9 shows the velocity field at &0.~. The two vortices furthest to the right are Karman type 
vortices, the upper one rotating clockwise and the lower one rotating counterclockwise. The other 
two vortices have incorrect rotational directions for Karman type vortices. All four vortices are 
associated with larger rotational stream flows, as shown in Fig. 10. 
Figure 11 shows at tT+.0o0 five Karman type vortices, spaced approximately where one would 
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Fig. I0. Stream flow near vortices at t~o,ooo. 
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Fig. 11. Velocity field at t~4,000. 
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Fig. 12. Stream flow near vortices at t74.~. 
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expect o find them. Again, these are associated with large rotational stream flows, as shown in 
Fig. 12. As is also apparent in Fig. 12, when the solid is no longer in the graphed range, the larger 
stream motions include complete cross currents between the fixed boundaries. Nevertheless, 
Fig. 13 shows the xistence of many additional vortices at t74.000. Most, but not all, of these appear 
near the walls. To indicate how complex motion near the walls can be, Fig. 14 shows large, closed 
rotational flows at t~0.00o f r the relatively short time span with N = 2500. These flows are not 
present in Fig. 9, which is also at t4o.0o0 but represents the velocity field with N = 3500. 
A large number of related computations were carried out, the results of which are summarized 
as follows. Completely analogous results followed when the radius of the solid was decreased to 
0.5. For the solid velocity V = (-0.001, 0.0), and for smaller ones, many vortices dissipated before 
the solid had traversed the full length of the rectangle. For V = ( -  0.002, 0.0), the motion increased 
to the point that vortices were difficult to identify. Introduction of the parameter changes d > 0.5, 
D > 1.5 were both counterproductive to vortex generation. 
Motivated by the interesting frontal and wall patterns of stream flow in Fig. 14, several new 
computations were performed in seach of vortex patterns of even shorter duration. For this purpose 
a narrower ectangular region was considered whose vertices were (45.0, 12.99) (45.0, -12.99), 
(-45.0, 12.99), (-45.0, - 12.99). The solid particles were set as shown in Fig. 6 and the resulting 
number of particles this time was 2823. The only other changes were to N = 1500 and V = ( -0.00 l, 
0.0). Figure 15 shows the resulting velocity field after 25,000 time steps. Six vortices have been 
circled. The smaller one show large translational motions. The upper vortex furthest o the right 
is a Karman type vortex. These motions are clarified in Fig. 16 by showing also nearby stream 
motions. The two vortices closest o the solid are shown in the blowup in Fig. 17. One of these 
vortices precedes the rapid flow region around the solid, while the second is in this very area. 
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Fig. 13. Additional vortices at t74,000. 
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Fig. 14. Closed stream otions at t4o~00 using N = 2500. 
N 
~ . 
'i 
,."2~.. f 
~r~.  ~, 
Quasimolecular channel and vortex street modeling on a supercomputer 
" . . ' - ' : ' 3X : : ' :+ : ' : ' : ' : ' : ' : ' : ' : ' : ' :~_ . -~- : . : , : . - ' -h  
. . . . . . . . . . . . . . . . . . . . . . .  '~ ; ; ; ,  .~,  ~ .~. ' .%~ , - -=  
: . . . . . . . . .  ,>, . . . . . . . . . . . .  ; ; ; ; ; ; ; - ;~ ;_~-~, ,~, , , .~ , ,~ ,  
-..-:-: . -  ,-., ~ .  ::::::::::-.:: :.,.-.: :.~.7.~-:..: ~z  
~ . . . - ~ - - - -  - ::-.. -. - -.- -. '.~ " , ' , ; ;  ".-- - . ' . ' .  - v . . .  ;: - . : , ;  
~ ,  ~,.,t,; f:;-,... -. 
,:.-.-.-.-.-.-.'.' ;r. ' .  ~ . ;  . - - - _ - - . .~  ~- '~ .  , . . ;  
1 
I 
./ 
Fig. 15. Velocity field at t:5,0o0. 
. . . . . . . . . . .  .-. . . . . .  . v  v .v .  . . . . . . . .  -~ . .~ ,~- ' - . ' . ' . ' . ' , - ' . '~ : , ,~  ~:,;  "." a , -~-  v~. . : . - . . . . . . . . . . - . . . . . . . . . . . . - . . . .  . . . . .  ";',.~',",';-'..~',;.~..,;,._.-,-, . . . , , . .~  . , . : . .  -:~ 
. . . . . . . . . . . . . . . . . . . . . . . . .  , , - , , , - -  . . . . .  r, ,o • , ' ,~ ' : '~- -~ / ' .  ~'~.~ 
. . . . . . . . . . . . . . . . . . . . . . . .  ~,, :  ..... .... ~~: , , ' / , ,~ / :~.~ ~ / ~  
~-- ' . - ' . - - - : - :=~- - - - "  ".:--'.- ::'.'.v.'.'..":.': : . - " .~: "  .,,:-f. '
~ ' . ' "  .'~'~...%*.*~.;" ;'~',~, "- - "." .' 2. ' ." ,  ~ .'," . " : ;  ; ~ ~ - - ~ r  ~_ ~ 7~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ,.~=.. . . . .  , , ,  . . . .  ; . ~ ~ _ ~  : . - - . - . . - . : . . - : , : ; ; ,~ ,~- - : _ - :  : . . . . : : : : ,~._.;;;-: . ' . , .  .'.': .;', ¢ , ,~~- - ,  , -  
. . . . . . . . . . . . . . . . . . .  : :..: : ::......: . . : : : : : .~ : . - . . . . . '~~ 
~- . .~ , , -~  
~,~. ~-~:.'~v,7.-, 
. - - . " ; , , , ,Z , "  
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Results similar to those shown in Figs 14-16 followed also for d ~< 0.5. However, increasing N 
to 3500 smoothed the flow to the point that no frontal vortices could be found. 
5. VORTEX DEVELOPMENT IN  A CLOSED CHANNEL 
Finally, let us consider vortex generation i  a channel which is entirely closed. For this purpose, 
consider a 2450 particle configuration, constructed as indicated in Section 4, but using a rectangle 
whose vertices are (34.5, 14.722), (34.5, -14.722), ( -34.5,  14.722), ( -34.5,  -14.722). The 
rectangle is now closed at both ends, so that the fluid cannot flow out. The parameters, again, are 
p = 3, q = 5, G =H = 1000, D = 1.25, d =0.0, N = 1500. Each fluid particle was given the 
relatively large initial velocity v0 = (0.1 !, 0.22), while each solid particle was given the relatively 
large uniform velocity V = (-0.002, 0.0). 
Since the channel is relatively short, let us confine attention to vortex development in the 
backflow. Figures 18 and 19 show the resulting motion after 30,000 time steps. The strong backflow 
dominates the entire left half of the region and a variety of vortices result. Most interesting to 
observe is the vortex pairing phenomenon which occurs in the right section of the region. In vortex 
pairing, two vortices are in relatively close proximity and rotate in opposite directions. 
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Fig. 18. Velocity field and stream flow at t30.00o. 
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Fig. 19. Velocity field at t30.000. 
6. REMARKS 
The basis of particle modeling is the discrete application of molecular type force formula (2). 
On the molecular level, repulsion due to compression is fundamental to both  liquid and gas 
motions. The action of this driving mechanism can be seen clearly, for example, in Figs 7 and 8 
where the velocity field to the right of the solid changes direction. This effect is the result of a 
compression wave which is initially directed outward and then is reflected back inward from the 
wall. 
A major shortcoming of our approach and which requires extensive further study is that we do 
not as yet know how to choose parameters appropriately when a particular fluid, like water at 25°C, 
is specified a pr io r i•  Thus, the results described in Sections 3-5 are only qualitative. The only 
quantitative particle modeling done thus far has been for stress wave propagation in thin 
aluminium bars [17]. 
Vortex shedding and standing vortices have not been discussed because they require a circle of 
much larger radius than we have considered in the present paper. 
Finally, we remark that extensive research is needed on the role which the parameter N plays 
in interpreting particle fluid flow. In the examples in Sections 3-5, we have chosen N in the range 
1500 ~< N ~< 5000 and have shown that the larger values are associated with relatively smooth and 
sustained flows while the smaller ones are associated with increasing, short term rotational effects. 
One can, in fact, give a reasonable, particle formulation of turbulent vortices in terms of this 
parameter [18], but, as indicated, much work remains to be done. 
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